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We construct the holographic type nonlocal effective action in two-brane Randall-
Sundrum model and show that it describes a phase transition between the local
and nonlocal phases of the theory — a cumulative effect of the tower of massive
Kaluza-Klein modes. We show that the corresponding renormalization group
flow interpolating between the limits of short and long interbrane separations
can be dynamically mediated by a repulsive interbrane potential that gives rise
to braneworld cosmological scenarios with diverging branes.
1 Introduction
Recent developments in string theory [1] and the attempts to resolve the hierar-
chy problem [2] suggest that the observable world can be a brane embedded in
a higher-dimensional spacetime with a certain number of noncompact dimen-
sions. Moreover, string-inspired field theories imply the existence of several
branes interacting and propagating in the multi-dimensional bulk. Their dy-
namics manifests itself for the observer as an effective four-dimensional theory
that, in the cosmological context should explain the origin of structure in the
Universe by means of an inflationary or some other scenario [3, 4], explain
its particle phenomenology, and shed light on problems such as a possibly
observable cosmological acceleration [5].
The efficient way of description for the braneworld scenario is the method
of effective action. Here we calculate this action in the two-brane Randall-
Sundrum model within the holographic setup characteristic of the AdS/CFT-
correspondence interpretation of this model [6, 7, 8] – the braneworld action
as a functional of two brane geometries effectively incorporating the dynam-
ics of multi-dimensional gravitational field in the bulk. First we dwell on the
definition of this action as an alternative to the conventional Kaluza-Klein
description. In the approximation quadratic in the curvature we obtain it as
a nonlocal functional of two induced metrics on branes and the corresponding
radion fields. We show how conventional Kaluza-Klein bulk modes arise as the
set of zeros of the nonlocal form factors of the action and analyze the first two
levels of the Kaluza-Klein tower – massless and massive gravitons – within the
low-derivative gradient expansion. Then we consider the reduced version of
this action obtained by integrating out the fields on the negative-tension brane
invisible from the viewpoint of the Planckian brane observer. We show that
for small interbrane separation this action describes a Brans-Dicke type the-
ory with the nonminimally coupled radion field and local Weyl-squared short
distance corrections. For large interbrane distances it explicitly features the
recovery of the Einstein theory with nonlocal short-distance corrections reflect-
ing the well-known AdS/CFT correspondence principle. The renormalization
group flow responsible for this transition between the local and nonlocal phases
of the theory can be realized dynamically by means of the repulsive interbrane
potential of the radion field. This generates the inflationary [9] and other
cosmological scenarios alternative to models of colliding branes [3, 4].
2 Braneworld effective action – alternative to Kaluza-
Klein reduction
Let us clarify the difference between the Kaluza-Klein and braneworld defi-
nitions of the effective actions. In Kaluza-Klein setting the construction of
the effective action consists in the well-known procedure of decomposing the
multi-dimensional field Φ(x, y), where x are the visible (four-dimensional) co-
ordinates and y are the coordinates of extra dimensions, in a certain complete
set of harmonics Zn(y) on the y-space, Φ(x, y) =
∑
n φn(x)Zn(y), and substi-
tuting the result into the fundamental action S[ Φ(x, y) ] of the field Φ(x, y).
Subsequent integration over y gives the effective action for an infinite tower of
fields {φn(x)} in x-spacetime,
S[ Φ(x, y) ] =
∫
dx dy L(Φ(x, y), ∂Φ(x, y)) =
∫
dxLeff({φn(x)}, {∂φn(x)}).
(1)
The harmonics Zn(x) are usually taken as eigenmodes of the y-part of the
full wave operator of the theory with eigenvalues m2n – the masses of the
Kaluza-Klein modes. This type of action was built for the two-brane Randall-
Sundrum scenario in [10]. This action, however, is very often not helpful in
the braneworld context, because it does not convey a number of its important
features like non-compactness of extra dimensions [11, 12], recovery of the
four-dimensional Einstein gravity [13], and its interpretation in terms of the
AdS/CFT-correspondence [6, 7].
These features can be described in a holographic formalism in which a
natural variable is the value of the field at the brane in question, φ(x) =
Φ(x, ybrane). Unlike in Kaluza-Klein description, its effective action Seff [φ(x) ]
is obtained from the fundamental action S[ Φ ] by a more nontrivial procedure
– by substituting in S[ Φ ] a solution of the classical equations of motion for
Φ(x, y) in the bulk, Φ = Φ[φ(x) ], parametrized by their boundary values
on the branes, that is Seff [φ(x) ] = S[ Φ[φ(x) ] ]. This construction obviously
generalizes to the case of several branes ΣI enumerated by the index I and the
set of brane fields φI = Φ(ΣI).
Such a definition corresponds to the tree-level approximation for the quan-
tum effective action
exp
(
iSeff [φ ]
)
=
∫
DΦ exp
(
iS[ Φ ]
) ∣∣∣∣
Φ(Σ)=φ
, (2)
where the functional integration over the bulk fields runs subject to these
brane boundary conditions. The scope of this formula is very large, be-
cause it arises in very different contexts. In particular, its Euclidean ver-
sion (iS → −SEuclid) underlies the construction of the no-boundary wavefunc-
tion in quantum cosmology [14]. Semiclassically, in the braneworld scenario,
it represents a Hamilton-Jacobi functional, and its evolutionary equations of
motion in the “fifth time” y can be interpreted as renormalization-group equa-
tions [15]. It also underlies the effective action formulation of the AdS/CFT-
correspondence principle between supergravity theory on an AdS5 × S5 back-
ground and the superconformal field theory (super-Yang-Mills) on its infinitely
remote boundary [16, 7, 8].
3 Two-field action in two-brane Randall-Sundrummodel
and massive gravitons
Here we consider the two-brane Randall-Sundrum model with Z2 orbifold iden-
tification of points on the compactification circle of the fifth coordinate [11].
The action of this model equals
S[G, g ] =
1
16piG5
∫
d5xG1/2
(
5R(G)− 2Λ5
)
+
∑
I
∫
ΣI
d4x g1/2
(
1
8piG5
[K]− σI
)
, (3)
where the index I = ± enumerates two branes with two brane tensions σ±
and [K] is the trace of the extrinsic curvature jump on branes. These branes
are located at antipoidal points of the circle labelled by the values of the y,
y = y±, y+ = 0, |y−| = d. Z2-symmetry identifies the points on the circle
y and −y. When the brane tensions are opposite in signs and fine tuned
in magnitude to the values of the negative cosmological constant Λ5 and the
5-dimensional gravitational constant G5 according to the relations
Λ5 = − 6
l2
, σ+ = −σ− = 3
4piG5l
, (4)
then in the absence of matter on branes this model admits the solution with
the AdS metric in the bulk (l is its curvature radius),
ds2 = dy2 + e−2|y|/lηµνdx
µdxν , (5)
0 = y+ ≤ |y| ≤ y− = d, and with flat induced metric ηµν on both branes
[11]. The metric on the negative tension brane is rescaled by the value of com-
pactification factor exp(−2d/l) providing a possible solution for the hierarchy
problem [17]. With fine tuning (4) this solution exists for arbitrary brane
separation d – two flat branes stay in equilibrium.
Take now the case when induced metrics on branes differ from the back-
ground values by perturbations
g±µν(x) = a
2
± ηµν + h
±
µν(x) (6)
(with a± = a(y±) given in terms of the interbrane distance a+ = 1, a− =
e−2d/l ≡ a), which induce the perturbed solution of Einstein equations in the
bulk
ds2 = dy2 + e−2|y|/lηµνdx
µdxν + hAB(x, y) dx
AdxB, (7)
and consider the calculation of the braneworld action of the above type in the
approximation quadratic in h±µν(x). In the wording of Sect.2 the braneworld
action of φ(x) = (g±µν(x), ψ
±(x), Seff [φ(x) ] = S4[ g
±
µν(x), ψ
±(x) ], is invariant
under the two four-dimensional diffeomorphisms acting on the branes. In
the linearized approximation they reduce to the transformations of metric
perturbations, h±µν → h±µν + f±µ , ν + f±ν , µ, with two independent local vector
field parameters f±µ = f
±
µ (x). Therefore the action is expressible in terms of
the tensor invariants of these transformations — linearized Ricci tensors of
hµν = h
±
µν(x),
R±µν =
1
2
(−hµν + hλν,λµ + hλµ,λν − h,µν)± , (8)
on flat four-dimensional backgrounds of both branes.
Due to metric perturbations the branes no longer stay at fixed values of
the fifth coordinate. Up to four-dimensional diffeomorphisms, their embedding
variables consist of two four-dimensional scalars — the radions ψ±(x) — which
also enter as arguments of the braneworld action. In the Randall-Sundrum
gauge, hA5 = 0, hµν
, ν = hµµ = 0, these embeddings are defined by the equations
Σ± : y = y± +
l
a2±
ψ±(x), y+ = 0, y− = d. (9)
The answer for the braneworld action, which we advocate here, and which
can be derived either by the direct substitution of the linearized solution (7)
of bulk Einstein equations in (3) [18] or by functionally integrating effective
4-dimensional equations of motion [19], is given in terms of the invariant fields
of the above type, (R±µν(x), ψ
±(x)), by the following spacetime integral of a
2× 2 quadratic form,
S4 [ g
±
µν , ψ
±] =
1
16piG4
∫
d4x
[
RTµν
2F()
l22
Rµν +
1
6
RT
K()−6F()
l22
R
−3
(
Ψ+
1
6
R
)T K()
l22
(
Ψ+
1
6
R
)]
. (10)
Here G4 is an effective four-dimensional gravitational coupling constant,G4 =
G5/l, (R
µν ,Ψ) and (RTµν ,Ψ
T ) are the two-dimensional columns
Rµν =
[
R+µν(x)
R−µν(x)
]
, Ψ =
[
ψ+(x)
ψ−(x)
]
(11)
and rows RTµν =
[
R+µν(x) R
−
µν(x)
]
, ΨT =
[
ψ+(x) ψ−(x)
]
of the Ricci cur-
vatures and radions associated with two branes. The nonlocal form factors in
(10) express in terms of the nonlocal operator F() the following 2×2-matrix
valued function of the 
F() = − 1
J+2 Y
−
2 − J−2 Y +2
[ √
z+u+(z−) −2/pi
−2/pi √z−u−(z+)
]
, (12)
u±(z) = Y
±
1 J2(z
√
)− J±1 Y2(z
√
), (13)
J±ν ≡ Jν(z±
√
), Y ±ν ≡ Yν(z±
√
), (14)
expressible in terms of the Bessel (Jν) and Neumann (Yν) cylindrical functions.
The second form factor K() equals K() = F() + l2 diag[−1, 1/a2].
The zero-eigenvalue eigenvectors of these nonlocal operators correspond to
propagating modes of the theory. In the sector of transverse-traceless metric
perturbations (graviton sector), for example, these modes vn(x) are defined
by the equation F(m2n)vn = 0, where mn are the masses of these excitations,
(−m2n)vn(x) = 0, given by the roots  = m2n of the equation detF() = 0.
For the operator (12) these equation reduces to
detF() ∼ 
(
Y −1 J
+
1 − Y +1 J−1
)
= 0 (15)
and thus gives a well-known mass spectrum of Kaluza-Klein modes in the
Randall-Sundrum model, because these combination of Bessel functions is ex-
actly the left-hand side of the eigenvalue problem for the harmonics Zn(y)
satisfying the relevant Neumann-type boundary conditions on the two branes.
Eq. (15) shows that the massless graviton is guaranteed to exist in the
spectrum, its localization on the positive-tension (Planckian) brane reflecting
the recovery of Einstein theory on this brane for low energies satisfying the
bounds
l
√
≪ 1, l
√

a
≪ 1. (16)
In this domain the nonlocal form factor can be expanded in powers of deriva-
tives to have the structure
F()
l2
= −M+D+O(2), (17)
M=
1
l2
4
1− a4
[
a4 −a2
−a2 1
]
, D=
1− a2
6(1 + a2)2
[
a2 + 3 2
2 3 + a−2
]
, (18)
which contains both the mass matrix M and the matrix of the kinetic term
D. The mass matrix is degenerate in accordance with the presence of the
massless mode, detM = 0, rankM = 1, while the kinetic matrix is positive
definite. This allows one to simultaneously diagonalize the both matrices in the
basis of new fields h0µν and h
M
µν , so that the low-energy action in the graviton
sector describes two fields — the massless graviton and the massive transverse-
traceless tensor of the mass M ,
Sgraviton[ h
0
µν , h
M
µν ] =
1
32piG4
∫
d4x
(
h0h0 + hM(−M2) hM
)
, (19)
M2 =
24
l2
a2(1 + a2)
(1− a2)2 . (20)
In view of standard arguments of gauge invariance under the two diffeomor-
phism transformations above, the massless graviton has two dynamical degrees
of freedom, while the massive tensor field has all five polarizations of a generic
transverse-traceless tensor field.
Strictly speaking, even the lowest-lying massive mode cannot be consis-
tently described within the low-derivative expansion (because the mass (20)
as a candidate for m21 violates the second of the low-energy restrictions (16)).
However, numerical calculation of the first nontrivial root, m1 =
√
, of (15)
shows that for a wide range of values of a it coincides with good precision
with (20). Therefore, the massive graviton mode with the mass (20) seems to
provide a good description of the first non-zero level. Its application in the
form of the phenomenon of radion induced graviton oscillations, potentially
interesting in the gravitational wave astronomy, is considered in [20].
4 Local to nonlocal phase transitions and AdS/CFT
correspondence
The difficulties with a consistent description of massive modes originate from
the fact that the low-energy approximation on the Planckian brane turns out to
belong the physical high-energy limit on the negative-tension brane (remember
that the physical energy there is determined by the scale of ηµν∂µ∂ν/a
2). This
situation becomes even worse for large brane separation a = exp(−d/l) → 0.
To avoid this difficulty let us consider the reduced version of the braneworld
action corresponding to tracing (integrating) out the fields on the negative-
tension brane. This procedure can be motivated by a simple physical fact that
this brane is invisible from the viewpoint of the observer sitting on the Planck-
ian brane. In the tree-level approximation this reduction, Seff [φ
+, φ−] ⇒
Sred[φ
+], is equivalent to the exclusion of the fields on the negative-tension
brane in terms of those on the positive-tension one, Sred[φ
+] = Seff [φ
+, φ−[φ+]],
as solutions of their respective equations of motion, δSeff [φ
±]/δφ− = 0, φ− =
φ−[φ+].
Below we present the result of this reduction in two energy domains —
one corresponding to (16) and another for the case of large brane separation
when the second of inequalities (16) is violated. For small or finite interbrane
distance in the range of (16) the low-energy reduced action has the following
form
Sred[ gµν , ϕ ] =
∫
d4x
√
g
[(
m2P
16pi
− 1
12
ϕ2
)
R +
1
2
ϕϕ
+
l2m2P
32pi
κ(ϕ2)C2µναβ
]
, (21)
κ(ϕ2) =
1
4
[
ln
1
a2
− (1− a2)− 1
2
(1− a2)2
]
a2=4piϕ2/3m2
P
. (22)
in terms of the new scalar field ϕ(x) — the reparametrization of the original
radion field,
ϕ(x) =
√
3
4pi
mP e
−d/l−ψ(x), (23)
and the four-dimensional Planck mass, mP =
√
l/G5. This action represents
the Eistein gravity nonminimally coupled to the Brans-Dicke type scalar ϕ
describing the local, depending on x, distance between the branes and having
the short distance corrections in terms of the squared Weyl tensor C2µναβ with
local (but ϕ-dependent) coeffficient (22).
For large interbrane distance corresponding to high-energy domain on the
invisible brane,
l
√
≪ 1,
√

a
≫ 1, (24)
this action has a different behavior
Sred[ gµν ] =
m2P
16pi
∫
d4x
√
g
[
R +
l2
2
Cµναβ k()C
µναβ
]
, (25)
k() =
1
4
(
ln
4
l2(−) −C
)
. (26)
Radion field essentially decouples from gravity and Weyl-squared term be-
comes nonlocal with the logarithmic form factor characteristic of the AdS/CFT-
correspondence phenomenon — immitation of quantum logarithms of confor-
mal field theory on the brane by the tree-level (super)gravitational action
calculated in the bulk [6, 7, 8].
Transition from the local phase (21) to the nonlocal phase (25) of the theory
represents the renormalization group flow (AdS flow) interpolating between the
limits of small and large interbrane distances. The scalar field ϕ starting at
ϕ =
√
3/4pimP , (a = 1 – the point of coinciding branes) tends to zero, (a→ 0
– the limit of large interbrane separation). The condensate of this field in the
form of the Coleman-Weinberg type of potential logarithmic in ϕ2/m2P , κ(ϕ
2),
(22), then delocalizes into the logarithmic form factor k(), (26), of the Weyl
squared term. The dominant logarithmic term of κ(ϕ2) ∼ (1/4) ln(m2P/ϕ2)
at ϕ → 0 instead of an infinite growth saturates at the logarithmic scale of
the graviton radiation characterized by spacetime inhomogeneity of the Weyl
tensor – the logarithmic nonlocality of k() ∼ (1/4) ln(4/l2). The physics of
this transition is transparent: the tower of massive Kaluza-Klein modes which
are infinitely heavy at the initial point of merging branes (see (20) at a→ 1),
for a → 0 becomes very light — its spectrum getting practically continuous
and resulting in a cumulative effect in the form of the logarithmic nonlocality
characteristic of the AdS/CFT-correspondence.
5 Conclusions. Radion induced inflation and dynamical
realization of the AdS flow
Thus, we have constructed the holographic type braneworld action in the two-
brane Randall-Sundrum model, demonstrated the existence of massive gravi-
ton modes in its spectrum and showed that it features the renormalization
group flow from small to large interbrane distances associated with different,
respectively, local and nonlocal phases of the theory.
From physics viewpoint it is certainly interesting to see whether this flow
can be realized at the dynamical level, that is enforced as a solution of ef-
fective equations of motion. In [9] it was suggested that a small detuning
of brane tensions from their Randall-Sundrum values (4) leads to the ori-
gin of the four-dimensional cosmological term in the action (21). Then af-
ter the reparametrization of this action to the Einstein frame of new fields
(g¯µν , φ) (with φ minimally coupled to g¯µν and related to the old field ϕ by
ϕ =
√
3/4pimP tanh(
√
4pi/3φ/mP )) one finds that the new field φ acquires
the potential, V (φ) ∼ cosh4(√4pi/3φ/mP ), capable to maintane a slow-roll
inflation. It corresponds to two branes diverging under the repulsive force
of this interbrane potential (remember, that the limit φ → 0 corresponds to
a → 0) and, thus, dynamically realizes the renormalization flow of the above
type. This model qualitatively differs from the inflation and other scenarios
of colliding branes [3, 4]. Unfortunately, this model suffers from an essen-
tial drawback. This is the necessity to introduce by hand a four-dimensional
cosmological constant — the brane tension detuning of the above type.
Interestingly, the present results suggest a natural mechanism of interbrane
repulsion based on the Weyl-squared term of (21) and (25). When the brane
Universe is filled with the graviton radiation C2µναβ > 0, and for small brane
separation this term forms the interbrane potential −(l2/2)κ(ϕ2)C2µναβ. It has
a maximum at the point of coinciding branes a = 1 because the coefficient
κ(ϕ2), Eq. (22), is strictly positive. The repelling force is very small, though,
and vanishes at a = 1, because of the behaviour of κ(ϕ2) ∼ (1− a2)3/12, a2 =
4piϕ2/3m2P (note that the expression (22) represents the logarithm ln(1/a
2)
with exactly the first two terms of its Taylor series in (1 − a2) subtracted).
Unfortunately, this potential is strictly negative, because κ(ϕ2) ≥ 0, and,
therefore, cannot maintain inflation. Rather, it can serve as a basis of brane
models with AdS4 geometry embedded in AdS5 [21]. It can also be useful
in the model of “thick” branes in the Big Crunch/Big Bang transitions of
ekpyrotic and cyclic cosmologies [4].
Thus, the two-brane model is likely to have a natural mechanism to realize
the AdS flow dynamically. Concrete implications of this flow and the corre-
sponding transitions between the local and nonlocal phases of the theory still
have to be worked out. In particular, they might be important in view of the
growing interest in nonlocal modifications of gravity within the cosmological
constant problem [22]. They are currently under study.
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